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Abstract. The explicit expression of a solution that relates to the seven-dimensional rep-
resentation of the Lie algebra G, of the quantum Yang-Baxter equation (QvBE} is obtained
by applying the Yang-Baxterization procedure to the braid group representation (BGR).
The result is consistent with an earlier one derived by a different method.

Recently the relation between the solutions of quantum Yang-Baxter equations (QYBE)
and the representation of braid groups (BGR) has generated much interest [1-3]. Based
on the quantum group {QG), a systematic method was formulated by Jimbo to generate
the solutions of QvBE [4, 5] which are related to Lie algebras A,, B,, C, and D, in
their fundamental representations. In [6], the BGr associated with the fundamental
representation of G, was first obtained based on the general theory of the ga. The
argument of Jimbo [5] has been followed to calculate the quantum R-matrix for G,
in the fundamental seven-dimensional representation [7]. On the other hand, a prescrip-
tion to give solutions of QYBE

R (x) RiGOo ) Rig () = Ry () Ra(xy) REY(x) (1)
for a given BGR which satisfies
55" S Stk =Sy Sa&SY (2)

has been discussed in [8]. We have called the procedure Yang-Baxterization, which
is a generalization of the idea presented by Jones in [9]. The advantage of this approach
is that it gives the explicit form of R(x) directly from any given BGR § which provides
all of the g-analogue projectors automatically. This prescription depends on the number
of distinct eigenvalues of the considered BGRr. On the basis of this approach, there
have been much discussion about the 3-eigenvalue cases [8]. It has been shown that
the sor of G, has four distinct eigenvalues [7, 8], hence it provides the best example
for checking our Yang-Baxterization procedure for the four-eigenvalue cases.
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The basic observation of the Yang-Baxterization comes from the loop-extension
of the @G shown by [5, 10]. For the given co-multiplication A for a g-analogue of the
universal enveloping algebra U, there are the basic equations [5, 10]:

[R(x), (I®MA(U,)]=0 (3)
ROXTI(X ) ®TI(k,") + (k) ®TI( X )}
={II(XHRT(k;") + xTI (ke )®TI(X )} R(x) (4)

where II is the representation, x is the spectral parameter and @ stands for the largest
root. It has been shown [6] that for a given direct product of Lie algebra representations

A®A=Q_MB E, (5)

and the decomposed irreducible spaces there are g-analogue projectors which are
related to BGR S through

§=% AP (6)
i=1
where the A;’s are the distict g-dependent eigenvalues. Obvicusly it holds that
R(x)= % pix)P. (7
i=1

Since the solution of (3) and (4) satisfies (1), the consistence requirement leads to

SA=BS (8)
with

R(x=0) =(over all factor)S (9)
and

A=TI(k,)®TI(X ;) (10)

B=II(X})®TI(k;"). (11)

Now the question of Yang-Baxterization is how to construct R from a given 5.
Following from (8) and (6), we have in general

PAP = (%) P.BP, (12}

Here the ordering of A; has to be chosen so that R is constructed satisfying (1). The
P’s are known for a given S, hence we can calculate PAP; if a special ordering of A;
exists such that the following hold

PAP, = P.BP, (13)

A
Pi+1APi=(/\_') P, BPF, (14)

i+1
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Ay
P.-AP.-H=( ;t‘)PzBP.-er (15)

and all other PAP,=0. Then we have

pi{x) _ X+ A/ gy
Pirr(x) B T+ x(A/ i)

(16}

After lengthy but elementary calculation for the four-eigenvalue case, we arrive at
R(x)= A(x)§*+ B(x)S+ C(x)I +D(x)§ " (17)
where

F(/\4/\2—A1/\3)X(X -1)

Alx) =
bx) (A2230)(As—Ay)
Bxy= XL (At Aa)(Aaha= A dy) + 2,05 - N Jx(x - 1)
Ay AzdaAl(Ay—Ay)
1
Cix)= {[{x A+ /\1/\4+A2A3+A2A4)(AZA4_A1'\3) (18)

(A2A3A4)(A4—-)¢1)
+ A (A = AN A Ay A3, — AiAz)]xz

+ [Ai/\z:()tl +Az2) - '\Mg(/\ﬂ' A4)]x}

As—Aﬂ

Dix)=x(x—-1)A (x+—— .

(x) = x(x =D x+ 22
Now the procedure of constructing R can be listed as follows:
(i) first find § for a given Lie algebraic structure (5);
(ii) by using

mo S,
- 224 19
P, ;=ﬂ¢ﬂh—&- (19)

the project P: can be found;

{iii) check (13)-(15) and fix the ordering of the eigenvalues A;;

(iv) substitute S and the ordered A; into (17} and (18); we find R(x) which satisfies
(1).

We emphasize that for the ‘exotic solutions’ we can take (17) as the starting point
and directly check the derived R(x) to satisfy (1) even for some models without
projeciors {11].

Now we apply the above procedure to the G, case in order to obtain R(x) related
to the seven-dimensional representation of the algebra. First we list the BGR § associated
with the representation of G, [6,12]:

§ =block diag[ Aq, As, ..., A,, Ao, A, ..., As, Agl (20)



572 Mo-Lin Ge et al

where
Ae=(u)
el 2
W
[0 0 p\
A4= Q 4]
0 ow
0 0 0 p;
A= 0 0 pp q
0 p W ¢
Ps 4@ 42 W3
0O 0 0 0 ps
0 0 0 po g
A, =10 0 u 0 0
0 po 0 wy g
ps 43 0 qa ws
O 0 0 O 0 pg
o 0 0 0 p; 0
0 0 0 p. 0 oa
A= o £
0 0 ps we 0 g5
O p;, 0 0 w2 O
ps 0 g5 g5 0 wy
/0 ] 0 0 0 0 p”\
0 0 0 0 0 P g
0 0 0 0 Ps do  qu
Ag=1] 0 0 0 i g 4z 4n
0 0 Po 4 W3 fdio d14
0 Do 4e ds g0 Wi 45
\Pn G2 ths G Ga iz Wi
with oo
p=p=u'" p2=ps=py=u""’ P3=pa= pe=1
w=u—1 wo=u—u"? wy=w,(1+u"?) Wa=We=U—U_
ws=wg=w{u *+u+1) wr= W, wo=w,(1-u"")

W10=W1(1‘“_5) W11=W9(1+u_2)2

g =[u"(1+u™)]"w,

(21)

P=Pu=Pu~ u !
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g2=g(—u"?) g:=gs=¢, Gs=4qe=—qu”" g, =weu '/’
gs=—u "w go=u ‘"w, Gro=t""w, gn=u""w,
giz=u""w, Gra=—u""w qra=—u '(1+u"'+u")w,
‘hsz‘uﬁyzﬂhm

The eigenvalue equations for the above matrices are (A are the eigenvalues):
At (A—u)=0
As: (A—ulAr+1)=0

2

Ayl (A—uy(A+1)=0
As: (A—uPA+DA+u =0 (22)
Ay (A—uP(A+1{A+u"?)=0
Ay A—uP¥A+1PA+u")=0
Ay (A=uY¥A+1PA+uDHA=-u"%=0.
The recursion relation is
(S+u)S—u)S+1)(S—u®=0. (23)
In order to compare with [7], we first diagonalize S by introducing the orthogonal
transformation and then picking up each submatrix corresponding to the distinct

eigenvalues. The result is as follows, where the overall factor u'’? has been omitted.
ForA=u

L.. =b10()k diag[Lq; L-:; P Lﬁ; L-'r; LG; sre g L}‘E (24)

where

—y 2

-—3,’2a

1 (u 1
L4'—'[aana4z,0,0],a’41=ﬁ ( 1/a adzzﬁ ua

1/2 _yl/?
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with a=v1+u, b=+ +tu+tue ' +u2+u? c=u+1+u!

Li=[as,, as;, asy, 0, 0]

(ua)™ —(ua)”! ]
" u2 1 u-? o
s =—— 0 gy == 0 as;= | 1
51 Ve u—uz N et 53 N
\uu’za—l/ —aul? \0/
Ls=[ag, oy, a3, 0,0, 03
/ 0 \ /0\ / utu!
0 1 0
o= 1 u /2 _l 0 _L (u2+u)1,/2(u_]
O VuFut | y'? “ =0 o Yo Ud —au Yiu-1)
0 ut,"z 0
0 0 u(ut+ut)
withd =u’+u*+u’+w+u'+1+u +u?
L7=[a715 a729a73,09 0, Os 0]
1+u?

0
0
el

\

1 A 1 - -
=— [uu+1 = |y — 1) —
(2431 @ ( ) 72 \WH_I) u (u_l 1Hu-1)
u U —u
0 wu+u"
0 ul+1
u ¢
. u(c+u"?)
172 -2
an=—— |- '(ctu
"= 7o ( e )
c+u
w’e
—uc
with
g=wtut2+u +ut h=P+ 20+ u+ruT +2u w7,
I=w'taul’+ 2+ u+2+3u""H4u+3u7  +u™"
For A=-1

L_,=block diag[L,, Lz, ..., Le, L7, Loy ..., L1] (25)
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where

L|=0

_ 1 1/2
L,=[0, 8] Bzz=z (u )

-1
1 ul,’Z
E3=[0,0.l333] 333=E 0
-1
—-a
— 1 —u
L,=[0,0, B.s, 0] Biz=—F7— —1/2
a, |u
a
with a,= u?+2u+2+u"";
~1
-u'%a
_ 1
= = — 0
L;=[0,0,0, Bs4,0] Bsa va °
au
aul’?
-1
0
_ 1 |—au'?
L6=[0,0,0,ﬂ64,365,0] 364=ﬁ au~ "2 Bes=—
0
ul/?
I:‘l' = [0, Os 05 ﬂ'hh ﬂ?Sa Os 0]
2 w2
-1 —u
: —u Y u+1) . —u (P —1)
- —1y,2
Bra=—= | —u'(*-1) Bis=—=| u'(u’-1)
b
v w " u+1) Vb, —u (W -1)
1 u
ul’? _u\?

with b, =u’+3u+4+3u""+u™? by=u'+2u" —2+2u " +u"’.
For A=~u"?

[_,-s=blockdiag(L,, L,,..., Ls, L7, Lo, ..., L\]

575

(26)
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where
L~1=0, £2=0, L-3=0
—y??
. 1 | au'?
L= 0’ 0, 01 > == -
= Yaals Vaa Vb l—au™!
‘ u-32
—qau
: ul/Z
L5= [Oa 0, 01 Oa 755] ¥ss =—; 0
_y12
au™?
—au
0
. i ul/z
L6=[0a 0: 05 09 0! 766] 766=_b __u_”z
0
au~*?
—u
—y?
1
o 1 -
L7=[Oa Os 0: 0! 05 77630} 776:“3 —u llz(u_l)
-1
u“3/2
u—l
For A =u"®
= = - x x x &
L,+=block diag[L,, L,,..., Ls, Ly, Ls,..., L} (27)
where
= x - & X L3
L1=0 L2=0 L3=0 L4=0 L5=0 L6=0
u5,"2 .
ul,"Z
L,=[0,0,0,0,0,9, y-] ! 1
=1L YUV U U Y Y= -
|
—us?

with e;=w’+u*+u+t+u'+u+u",
Noting that the labelling set for G, is (3, 2, 1, 0, —1, =2, —3), the above results
coincide with those in [7].
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Finally we set the ordering of A; such that PAP,., 0. It is found that

-2 Az:u f\3=_1 /\4=u_6. (28)

A=—u
Substituting these eigenvalues and {21) into (17) and (18), we derive the solution of (1):

R(x)=block diag[R', R%,...,R®, R", R%,..., R}, R"] (29)
where R’ is an i x i symmetric matrix. We list all the non-zero elements as follows:

Riv={(x—u){x—u)(1-u""x)

Ri=x(u—1(1-u*xHu—x)

RL=u""(x-1)(x—u"}u*—x)

22=(1—u)(x~u)(1—u""x)

R‘L=R%,
R?3=Rf2
R32=R]11
R§3=R§2

Rt =u*x(u* —1)(x—u®)[x{(1 —u+u’)~u’]

L= Hu+1)"x(x - 1) (u®-x)
Ryy=u""*(u+1)"(u—1)x(1—x)(u®~x)

Te=u (= x ) x—w)(x—u®)
Ry, =u*x(1-w)(u®—x){x(1+u+u”)—u(l+u+u’)]
Ry =u""?(1—x)(u® - x)(u*—x)

=u(u~1)(x- DU+ x—u®
Riy=uw Y u~1)(x—u)[x(1+u?+u’) = (1 +u+u?)]
R = w5 2(u+1)"2(x = 1)(u = 1)(u® = )
Ri=uHu-D(x—-u)x—u+tu’—u’)
R =ux(u—1)(x—u)[x(1+u’+u?) —u*(1+u+u?)]
RS =u" 3 x(u+ 1) (x~ 1){(u~1){(u°—x)
Ri=—u "x(u+1)"*(1-x)(1 - u)(u®—x)
Ri=u""*(1—x)(u®—x)(u*—x)
R, =u"x{u* = 1)(x —u®)(x—u+u’—u’)
Ry =u(1=x)(x—u’)(x—u®)
Ri=u'(u+ 1)1 ~x)(u—1){u*~x)
R =Ry,

R =u (= 1)x—u®)[x(1—u+u’)—u’]
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Ris=u(u+1)"*(x = (u~1)(u*~x)
Ri=u*(u—1){x—u®)[x(1+u+u’)—u(l+u+u’)]

R}, = RS,
RY=R%
R?4= R?d
R?G:R?S
RglzRil
R} = R,
R§3= Rgz
R§4= R?4
R = R3s
R = R
Rga= Ris
RgssRiz
Rg= R§5

Rl =u*x*u—-1)u* - 1)[u(u*+ 1) —x(u*+1)]

Ri,=ux(x—-1)(u— D[x(1+u+u’) — (1 +u+u’}]

Ri=u*x(x—D{u-D 0 +u+ ) - x(1+u+uh))
Ts=u ' x{u—-1)(x—1){u*~x)

Riy=u""x(x =D’ = D[x(1 —u+u")~u’]

Rly=ux(u—1(x—1){x—u?)

Rl =u (1 - x)(u® = x) (v’ — x)

RL=u"x(u—1[u (1+u+u?)+xu’(t+u?) - x*(1+u+u+u’+u)]

Rly=u""x(u—1)(1-x)(v’ - x)

Rl =ux(a* -1 (x— 1)’ —u+u’—x)

Ris=u"x(1=x)(u - +u’+u*~x(u®+u+1)]

Rig=u *(1— x){u’—x)(u’ - x)

Rl =u**(u—1){x~1)(x-u’)

R§3=u'4x(u—1)2(1+u)[u4(1+u2+u4)—x(]+u2)-x2]

Rl =u"x(u® - 1)1 —x)(’ —u*+u’ — x)

Ris=u (- x)(1-x)(4’ ~x)

Rl =u™*1—x)u— 1w’ (P +u+1;—(w’+u+1)x]

R =u(x—1)u-1){u"—x)

Rl =u (= x)[u®+x(1=2u+u’ ~2u+u’ = 20" +u¥) + u’]

Rls=u""*(1 = x)(u—1)(u+1)(u®— u’x + ux — x)

Rlo=u"(x—1)(u*— 1}(e° =~ u’x + ux — x}

Rl =u""?(1-x)(u* = 1)’ —u*+u’ — x)
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Ric=u"(u—1)*1+w)[u®+xu’(1+u?) - x*(1+u*+u*)]
Rig=u"(u~1{1~x)u*—x)
RL=u(x~1D(u~)[u*(1+u*+u’)—x{(u>+u+1)]
Ri=u(u-D[w(Q+u+u’+u'+u')~x’(1+u’)~ (A +u+u)]
RL=u7"(x— 1) u-D[x(1+u+u?) —u*(1+u+u’)]

Rl =u"*u—1)(u’ - D[u*(e®+1) - x(u*+1)].

This R(x)-matrix provides Boltzmann weights of an 175-vertex model [7]. A direct
check alse confirmed that this R{x) satisfies (1), hence we complete the derivation of
R(x) for G, from the point of view of the Yang-Baxterization.

To conclude the paper we remark that the starting point of the method employed

here is the braid relation. Although it is parallel to the method of [7] for the case
treated here, it is applicable to the ‘exotic solution’. We will treat the ‘exotic solution’
of the G, case in a further publication,

M-L G issupported in part by NSF PHY-8908459 Paul, Gabriella Rosenbaum Founda-
tion and NSF of China through the Nankai Institute of Mathematics.
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